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Introduction
Static H

olographic Entropy
R

yu and Takayanagi

Applies only to static m
anifolds

1.m
in[AB

C
] and m

in[B
] are m

inim
al surfaces 

2.lying on the sam
e tim

e slice as m
in[AB

] and m
in[B

C].

Inapplicable on dynam
ically evolving spacetim

es, or to 
choices of A w

hich do not correspond to static tim
e slices
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C
ovariant H

olographic Entanglem
ent Entropy

H
ubeny, R

angam
ani, and Takayanagi

Instead of looking for the m
inim

al area surface, look for the extrem
al area 

surface m
(A)  (if there is m

ore than one, choose the surface w
ith the least 

area)

The null curvature condition  (NC
C

)

A
rea[m

(A
B

)] + A
rea[m

(B
C

)] + A
rea[m

(A
C

)] ≥
A

rea[m
(A

)] + A
rea[m

(B
)] + A

rea[m
(C

)] + A
rea[m

(A
B

C
)]

Maxim
in surface M

(A
)：

m
inim

izing the area on som
e achronal slice 

Σ, and then m
axim

izing the area w
ith respect to varying Σ

The m
atter obey the null energy condition 
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A
ssum

ptions about Spacetim
e

The bulk spacetim
e ：

classical, sm
ooth, and asym

ptotically locally AdS

N
C

C
                               for any null vector 

0
t

b
a

ab
k

k
R

a
k

G
eneric condition：

nonvanishing null-curvature 

O
r shear σab along at least one point of any segm

ent of any null ray

The spacetim
e w

ill also be assum
ed to be AdS-hyperbolic

1. there are no closed causal curves,
2. for any tw

o points x and y, I+(x) ∩
 I -(y) is com

pact after conform
ally com

pactifying 
the AdS boundary

Space at one tim
e is com

pact, after com
pactifying the AdS boundary
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causal surface

r(A
) :the spacetim

e region lying spatially in betw
een m

(A
) and D

A

)
(

)
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A
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A
D

D
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Prelim
inary D

efinitions and Lem
m

as

N
(A

) : C
odim

 2 extrem
al surface x(A

) 沿
着

光
传

播
的

方
向

构
成

的
一

个
曲

面
C

odim
=1

C
odim

 2 “
R

epresentative”
on Σ defined as ˜x(A

, Σ) = N
(A

) ∩
 Σ.



Theorem
: 

R
epresentative ˜x(A

, Σ) has less area than x(A
) (unless it is x(A

)).

①
x(A

) is extrem
al, the null surfaces N

(A
) have expansion θ = 0 at x(A

)

②
The R

aychaudhuri equation

③
So that θ < 0 everyw

here on N
(A

)



N
ull extrinsic curvature of a null surface

Expansion
f在

x处
为

零
,在

x邻
域

内
领

头
阶

为
零

，
只

有
高

阶
的

量

1.N
1 and N

2 be null congruences
2.N

2 be now
here to the past of N

1

θ[N
2] > θ[N

1]



G
(y) > 0 for r < R

, and ∂rG
|r=R

 < 0.

θ[N
2] > θ[N

1]
tr(K

)[N
2] >tr(K

)[N
1]

Sufficiently sm
all R

,m
etric hab is very close to being a 

flat Euclidean m
etric

)4
/(

)
(

4
4

�
�

v
�

�
D

R
r

G
D

D
�

�r
R

/
ln

or                       
in D

=4



Extrem
al Surfaces lie outside C

ausal Surfaces
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ZA
n extrem

al surface x(A
) lies outside of w

(A
), 

in a spacelike direction

①
w

(R
(q

))has θ > 0 by the Second Law

N
(A) has θ < 0 by Theorem

 3.
N

(A)<w
(R(q

))

②
N

(A) is now
here inside w

(R
(q

))

θ[N
(A)] ≥ θ[w

(R
(q

))]



M
a

x
in

m
in

S
u

rfa
ce M

(A
)

A
rea[M

(A
)] ≥A

rea[M
′(A

)]
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极
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Equivalence of M
axim

in Surfaces
and H

R
T Surfaces

M
(A

) is everyw
here spacelike separated to itself

N
either can tw

o points on M
(A

) be connected 
by a null segm

ent n w
hich does not lie on M

(A
)

0
)]

(
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A

M
T

M
(A

)是
极

值
面

x在
M

(A
)上

θ(N
x) =

0 at x

沿
光

线
n的

切
矢

k方
向

，
膨

胀
率

θ下
降

，
所

以
θ(N

x) < 0 at y

同
理

y在
M

(A
)上

，
θ(N

x) =
0 at y,沿

光
线

-k方
向

膨
胀

率
上

升
，

θ(N
x) > 0 at x，

与
x在

M
(A

)
上

，
θ(N

x) =
0 at x矛

盾
！





M
axim

al+M
inim

al
Extrem

al

平
行

于
Sigm

a

垂
直

于
Sigm

a



M
(A

) has less area than any extrem
al surface x(A

) w
hich does 

not lie on Σ.

A
rea[M

(A
)] ≤ A

rea[˜x(A
)] ≤

A
rea[x(A

)]

M
(A) is m

inim
al on Σ

M
axim

in
Surface         H

R
T Surface

R
aychaudhuri equation



Properties of M
axim

in/H
R

T Surfaces

Less A
rea than the C

ausal Surface

A
rea[w

(A
)] > A

rea[ ˜w
(A

, Σ)] > A
rea[m

(A
)]

B
y the Second Law

 of horizons,the 
area of H

(A
) decreases w

hen m
oving 

aw
ay from

 w
(A

).



M
oves outw

ards as the B
oundary R

egion G
row

s
If A 

B
, then r(A

) 
r(B

), w
ith m

(A
) spacelike to m

(B
).

①
M

1 m
ust lie spatially outside or on M

2.

If Area[b] < Area[d], then Area[bc] < Area[cd]
w

hich contradicts the m
inim

alness of M
2.

If Area[b] > Area[d], then Area[ad] < Area[ab]
w

hich contradicts the m
inim

alness of M
1.

②
M

1 and M
2 cannot exactly coincide, because they are 

anchored to different points on the boundary tr(K
) = 0

正
确
图
像



Strong Subadditivity

(a) Exists a spacelike slice Σ on w
hich both m

(A
B

C
) and m

(B
) lie as m

inim
al 

surfaces, w
ith m

(A
B

C
) everyw

here outside of m
(B

).

(b)A
rea[ ˜m

(A
B

, Σ)]+A
rea[ ˜m

(B
C

,Σ)]≥A
rea[m

(A
B

C
)]+A

rea[m
(B

)],

(c)A
rea[m

(A
B

)] + A
rea[m

(B
C

)] ≥A
rea[ ˜m

(A
B

, Σ)]+A
rea[ ˜m

(B
C

,Σ)]

A
rea[m

(A
B

)] + A
rea[m

(B
C

)] ≥ A
rea[m

(A
B

C
)] + A

rea[m
(B

)]

①
同

一
Σ面

上
的

次
可

加
性

②
由

M
axim

al M
inim

al
联

立
①

②
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y of M
utual Inform

ation

A
rea[m

(A
B

)] + A
rea[m

(B
C

)] + A
rea[m

(A
C

)] ≥
A

rea[~m
(A

B
)] + A

rea[~m
(B

C
)] + A

rea[~m
(A

C
)]≥

A
rea[m

(A
)] + A

rea[m
(B

)] + A
rea[m

(C
)] + A

rea[m
(A

B
C

)]

A
rea[m

(A
B

)] + A
rea[m

(B
C

)] + A
rea[m

(A
C

)] ≥
A

rea[m
(A

)] + A
rea[m

(B
)] + A

rea[m
(C

)] + A
rea[m

(A
B

C
)

第
一

个
不

等
号

由
引

理
3：

Area[m
(AB

)] ≥Area[~m
(AB

)] 可
得第

二
个

不
等

号
由

在
同

一
Σ面

上
的

相
互

信
息

的
性

质
可

以
得

到
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D
efinitions

T
im

elike
or null w

orldline
observer

F
uture causal horizon 

C
auchy surface 

H
orizon slice H

=

G
SL𝒂

is a norm
al vector field living on the surface H

𝒂
is a future-pointing null vector parallel to the null generators of  



Storng
subadditivity

指
向

未
来











互
信

息
的

单
调

性

定
义

：





Q
uantum

 extrem
al

surfaces lie deeper than causal 
surfaces




