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General Relativity

Rμν −
1
2

gμνR =
8πG
c4 Tμν

“Matter tells spacetime how to curve, and spacetime tells matter how to move.”

Lijing Shao (邵立晶) GWs (II): What are GWs? KITS Summer School 3 / 39



Einstein Field Equations

Einstein Field Equations in a Nutshell

Gμν = Rμν −
1
2

gμνR =
8πG
c4 Tμν

where

R = gμv Rμv

Rμv = gρσRρμσv

Rν
μρσ = Γνμσ,ρ − Γνμρ,σ + ΓνλρΓλμσ − ΓνλσΓλμρ

Γ
μ
νρ =

1
2

gμλ
(
gλν,ρ + gλρ,ν − gνρ,λ

)
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Linearized Gravity



Perturbation of gμν
In order to study GWs, we assume there exists a coordinate

system where the spacetime of interests has1

gμν = ημν + hμν,
∣∣hμν∣∣� 1

Consider a Lorentz transformation xμ → Λ
μ
νxν, we have

gμν → g′μν
(
x ′
)

= Λ
ρ
μΛσνgρσ = ημν + Λ

ρ
μΛσνhρσ(x) = ημv + h′μν

(
x ′
)

where we have used Λ
ρ
μΛσνηρσ = ημν

Therefore, hμν can be viewed as a tensor field in a flat spacetime

1More later ;-)
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Perturbation of gμν
Now consider a coordinate transformation

xμ → x ′μ = xμ + ξμ(x),
∣∣∂μξν∣∣ ≤ ∣∣hμν∣∣

The metric becomes

gμν(x)→ g′μν
(
x ′
)

=
∂xρ

∂x ′μ
∂xσ

∂x ′ν
gρσ(x)

Keeping leading-order terms,

g′μν = ημν − ∂νξμ − ∂μξν + hμν +O
(
ξ2
)

Therefore, hμν satisfies

h′μν = hμν − ξμ,ν − ξν,μ ,
∣∣∣h′μν∣∣∣� 1
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Perturbation of gμν
Keeping the leading-order terms of hμν, we have2

Γνμρ =
1
2
ηνλ
(
∂ρhλμ + ∂μhλρ − ∂λhμρ

)
Rν
μρσ =∂ρΓνμσ − ∂σΓνμρ +O

(
h2
)

Rμνρσ =
1
2
(
∂ρνhμσ + ∂σμhνρ − ∂ρμhνσ − ∂σνhμρ

)
A direct calculation shows that, under the change of

hμν → hμν − ∂μξν − ∂νξμ, the Rieman tensor does not change

2Homework ;-)
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Equation of GWs

Define a trace-reverse tensor,

h̄μν = hμν − 1
2
ημνh

which satisfies h = ηαβhαβ and h̄ = −h

With a linearized metric, the Einstein field equations become

�h̄νσ + ηνσ∂ρ∂λh̄ρλ− ∂ρ∂νh̄ρσ− ∂ρ∂σh̄ρν +O
(

h2
)

= −16πG
c4 Tνσ
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Equation of GWs

Introduce Lorenz gauge (a.k.a. harmonic gauge, De Donder

gauge)

∂νh̄μν = 0

We finally obtain a wave equation

�h̄νσ = −16πG
c4 Tνσ
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Equation of GWs

If h̄μν does not satisfy Lorenz gauge, namely

∂μh̄μν = qν 6= 0

We can always perform a coordinate transformation, s.t.

h̄′μν = h̄μν − ξμ,ν − ξν,μ + ημν
(
∂ρξρ

)
as long as �ξν = qν, we can obtain ∂μh̄′μν = 0 (i.e., Lorenz

gauge)

Lorenz gauge reduces the d.o.f.s of hμν from 10 to 6
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Transverse Traceless Gauge

In vacuum, Tμν = 0, therefore

�h̄μν = 0

thus, GWs propagate with the speed of light

On top of the Lorenz gauge, consider x ′μ = xμ + ξμ

as long as �ξμ = 0, the Lorenz gauge is preserved

Now h̄μν becomes

h̄′μν = h̄μν + ξμν

where ξμν = ημν∂ρξρ − ξμ,ν − ξν,μ, satisfying �ξμν = 0
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Transverse Traceless Gauge
With it, d.o.f.s of hμν are reduced from 6 to 2; specifically

choose ξ0, s.t. h = 0 (now, h̄μν = hμν)

choose ξi , s.t. hi0 = 0

As for now, we know from the μ = 0 component of the Lorenz

gauge ∂νh̄μν = ∂νhμν = 0 that ∂0h00 = 0 (we take h00 = 0)

Overall, we call the following transverse-traceless gauge

h00 = hii = h0i = 0, ∂ihij = 0

We denote GWs in TT gauge as hTT
ij
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hTT
ij

For a plane wave, ∂ihij = 0 means n̂ihTT
ij = 0, where n̂ = k/k is

the propagating direction

Without losing generality, we consider GWs propagating along

z-axis, and we have

hTT
ij (t , z) =


h+ h× 0

h× −h+ 0

0 0 0

 cos

[
ω
(

t −
z
c

)]

where h+ and h× are two independent polarizations
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hTT
ij

If we rotate about z axis by an angle ψ,

h× ± ih+ → e∓2iψ (h× ± ih+)

Therefore, gravitons are spin-2 particles

What are gravitons?
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Projection Operators

For a given direction n̂, introduce

Pij(n̂) =δij − n̂i n̂j

Λijkl(n̂) =PikPjl −
1
2

PijPkl

If hkl describes GWs in Lorenz gauge (not necessarily TT

guage), then

hij ≡ Λijklhkl

satisfies TT gauge
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GW Detections
Now we consider a local free fall (FF) coordinate (note: not a TT
gauge!)

In FF coordinate, we have gμν(P) = ημν and Γρμν(P) = 0

LIGO/Virgo/KAGRA are obviously not in a FF state

However , it is a good approximation for some frequency bands

(e.g. ∼ 100 Hz)

Without proof,3 we denote that for two nearby particles,

d2ξj

dt2 =
1
2

ḧTT
jk ξk

3It can be obtained from geodesic equation; see Sec. 3.3 in arXiv:0709.4682
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GW Detections
Consider particles on a ring whose norm is in z-direction

With a “+” mode GW,

hTT
ij = h+

 1 0

0 −1

 sinωt

Relative to the center, particles’ position becomes

ξi = [x0 + δx(t), y0 + δy(t)]

According to the equation on the previous slide, we obtain4

δx(t) =
h+

2
x0 sinωt

δy(t) = −h+

2
y0 sinωt

4Notice that, amazingly, now it is a Newtonian-like force!
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GW Detections

Similarly, a “×” mode GW gives

δx(t) =
h×
2

y0 sinωt

δy(t) =
h×
2

x0 sinωt

Therefore, we have the positions of particles as a function of

time,
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GW Polarizations in Alternative Gravity
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Eardley et al. 1973; Will 2014



GW Generation

As GR is highly nonlinear, it is impossible to obtain analytic

solutions in a generic setting

Here we only present some simple results

For more details, see

Buonanno’s Les Houches Lecture arXiv:0709.4682

Michele Maggiore’s books Gravitational Waves (Vol I & Vol II)
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GW Generation

Under Lorenz gauge, ∂μh̄μν = 0

Linearized Einstein equation becomes,

�h̄μv = −16πG
c4 Tμν

We make weak-field & slow-motion assumptions, and get

hTT
ij (t ,x) =

1
r

2G
c4 Λijkl(n̂)M̈kl

(
t − r

c

)
where

M ij =
1
c2

∫
d3xT 00(t ,x)x ix j

is mass quadrupole moment in Newtonian approximation
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GW Generation

Take n̂ = (cosφ sin θ, sinφ sin θ, cos θ) and insert into the

projection operator Λijkl(n̂), then5

h+ =
G
rc4

{
M̈11

(
sin2 φ− cos2 θ cos2 φ

)
+ M̈22

(
cos2 φ− cos2 θ sin2 φ

)
− M̈33 sin2 θ

−M̈12 sin 2φ
(
1 + cos2 θ

)
+ M̈13 cosφ sin 2θ+ M̈23 sin 2θ sinφ

}
h× =

2G
rc4

{
1
2

(
M̈11 − M̈22

)
cos θ sin 2φ− M̈12 cos θ cos 2φ

−M̈13 sin θ sinφ+ M̈23 cosφ sin θ
}

5Don’t be afraid & take it homework ;-)
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Binary Systems
Consider a binary with masses m1 and m2

total M = m1 + m2, and reduced mass μ = m1m2/ (m1 + m2)

Assume a circular orbit,

X (t) = R cosωt , Y (t) = R sinωt , Z (t) = 0

Then the mass quadrupole moments are

M11 =
1
2
μR2(1 + cos 2ωt)

M22 =
1
2
μR2(1− cos 2ωt)

M12 =
1
2
μR2 sin 2ωt
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Binary Systems

Insert into expressions of h+ & h×, we have

h+(t) =
1
r

4G
c4 μR2ω2

(
1 + cos2 θ

)
2

cos(2ωt)

h×(t) =
1
r

4G
c4 μR2ω2 cos θ sin(2ωt)

These are the leading-order GW formuae that we frequently use
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GW Radiation
As GWs carry energy, the GW radiation reduces the binary’s

orbital energy⇐ energy balance equation

The orbital size becomes smaller, and the orbital frequency

becomes larger

At leading order,6 with ν ≡ μ/M andM = μ3/5M,

ω̇
ω2 =

96
5
ν
(

GMω
c3

)5/3

ḟGW =
96
5
π8/3

(
GM
c3

)5/3
f 11/3
GW

6GW frequency is twice that of the orbit, fGW = ω/π
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Bailes et al. 2021



Lijing Shao (邵立晶) GWs (II): What are GWs? KITS Summer School 28 / 39

GWs on a curved spacetime



Separation of GWs from the Background

On a curved, dynamical background metric

gμν(x) = ḡμν(x) + hμν(x),
∣∣hμν∣∣� 1

such that satisfying (short-wave expansion) λ̄� LB or f � fB

Ricci tensor: O(1), O(h), and O(h2)

Rμν = R̄μν + R(1)
μν + R(2)

μν + . . .

R̄μν: only low frequency

R(1)
μν : only high frequency

R(2)
μν : mixture of both

Lijing Shao (邵立晶) GWs (II): What are GWs? KITS Summer School 29 / 39



Separation of GWs from the Background

Master equations

R̄μν = −
[
R(2)
μν
]Low

+
8πG
c4

(
Tμν −

1
2

gμνT
)Low

R(1)
μν = −

[
R(2)
μν
]High

+
8πG
c4

(
Tμν −

1
2

gμνT
)High

low-frequency equation⇒ energy-stress tensor of GWs

high-frequency equation⇒ propagating equation of GWs
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Low-frequency Equation

R̄μν = −
[
R(2)
μν
]Low

+
8πG
c4

(
Tμν −

1
2

gμνT
)Low

If curvature is determined by GWs⇒ h ∼ λ
LB

If curvature is determined by matter fields⇒ h� λ
LB

These two conclusions will be important for a later context
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Low-frequency Equation

Difficulties with localized energy-stress tensor in GR

Learn from renormalization group

“coarse-grained” form of the Einstein equation

R̄μν −
1
2

ḡμνR̄ =
8πG
c4

(
T̄μν + tμν

)
where

tμν ≡ −
c4

8πG

〈
R(2)
μν −

1
2

ḡμνR(2)
〉
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Low-frequency Equation

In Lorentz gauge and with h = 0, one has

tμν =
c4

32πG

〈
∂μhαβ∂νhαβ

〉

Explicit calculations show that,7 tμν only depends on the physical

modes hTT
ij ⇒ namely, gauge invariant

Energy-momentum exchange between matters and GWs

D̄μ (T̄μν + tμν
)

= 0

7Use x ′μ = xμ + ξμ
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Low-frequency Equation

With energy-stress tensor for GWs, we can discuss many

aspects of GWs, e.g.,

t00 =
c2

16πG

〈
ḣ2
+ + ḣ2

×

〉
Similarly to the electromagnetism, we have

dE
dAdt

= +ct00

dPk

dAdt
= +t0k

Lijing Shao (邵立晶) GWs (II): What are GWs? KITS Summer School 34 / 39



Low-frequency Equation

We can have the energy radiation rate and the momentum taken

away by GWs,

dE
dt

=
c3r2

32πG

∫
dΩ
〈

ḣTT
ij ḣTT

ij

〉
dPk

dt
= − c3

32πG
r2
∫

dΩ
〈

ḣTT
ij ∂khTT

ij

〉
as well as the energy spectrum

dE
df

=
πc3

2G
f 2r2

∫
dΩ

(∣∣∣h̃+(f )
∣∣∣2 +

∣∣∣h̃×(f )
∣∣∣2)

and so on
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High-frequency Equation

R(1)
μν = −

[
R(2)
μν
]High

+
8πG
c4

(
Tμν −

1
2

gμνT
)High

If T μν = 0,8 one has R(1)
μν = −

[
R(2)
μν
]High

R(1)
μν ∼ ∂2h ∼ h

λ̄2 ∼
1
ε

R(2)
μν ∼ ∂2h2 ∼ h2

λ̄2 ∼ 1

At leading order, R(1)
μν = 0⇒ �h̄μν = 0 in Lorenz gauge

8Now, according to the low-frequency equation, one has h ∼ λ/LB
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High-frequency Equation

R(1)
μν = −

[
R(2)
μν
]High

+
8πG
c4

(
Tμν −

1
2

gμνT
)High

If T μν 6= 0,9 one simply has R(1)
μν = 0

Imposing a generalized “Lorenz gauge” D̄νh̄μν = 0, one has a

wave equation in curved spacetime

D̄ρD̄ρh̄μν = 0

9Now, according to the low-frequency equation, one has h� λ/LB ; also,(
Tμν − 1

2 gμνT
)High

= O
(
h/L2

B
)
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Thank you!


