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That would be one of the mos ating things
- “ L

man could do, because it would tell you very much
how the universe started.

— Rainer Weiss
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General Relativity

1 8mG
R/JV - ég,uv'q - 77-”1/

“Matter tells spacetime how to curve, and spacetime tells matter how to move.”
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Einstein Field Equations

Einstein Field Equations in a Nutshell

Gw = Rw — %gu,,F? = 87;GTW
where
R = g"Ru
Rw = g% Rowov
RVHPU = ryw,p B rvup,o + ryﬂp FAW B ryﬂcr rﬁup
M = %g“” (9w + Grow — Gio)
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inearized Gravi

L7
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Perturbation of g,,

m In order to study GWSs, we assume there exists a coordinate

system where the spacetime of interests has’

Gw = Nw + h/JV/ ‘huv‘ <1

m Consider a Lorentz transformation x“ — A", x”, we have
Gw = G (X') = NN, Gpo = N + NN oo (X) = Ny + 1, (X')

where we have used A A% N0 = N

m Therefore, h,, can be viewed as a tensor field in a flat spacetime

"More later ;-)
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Perturbation of g,,
m Now consider a coordinate transformation
xH — XM= xt 4 EH(x),  |0u&| < |hw

m The metric becomes

P OxP Ox°
g,uV(X) — g,uv (X) = mwgpa(x)

m Keeping leading-order terms,
g//,u/ =Nw — avfy - ayfv +hw+ O (§2>
m Therefore, h,, satisfies

h;xv = hyv - fy,v - fv,y, <1

/
M
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Perturbation of g,,
m Keeping the leading-order terms of h,,, we have?
1
Mo :§UM (Ophay + Ouhao — Oahyp)
2

R oo =00 — ol + O (1)
1

Ruwpo = 5 (Oov e + Oouhve — Spuhvo — Oovhyp)

m A direct calculation shows that, under the change of

hw — hw — 0y — 0,€,, the Rieman tensor does not change

2Homework ;-)
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Equation of GWs

m Define a trace-reverse tensor,

v — pv %nwh

which satisfies h = n,gh®® and h= —h
m With a linearized metric, the Einstein field equations become

_167TG
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Equation of GWs

m Introduce Lorenz gauge (a.k.a. harmonic gauge, De Donder

gauge)

o =0

m We finally obtain a wave equation

Lijing Shao (3 = k)

Ohye =

_167TG Too

c
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Equation of GWs
m If h* does not satisfy Lorenz gauge, namely
ouh” =q" #0
m We can always perform a coordinate transformation, s.t.
P = P = &y — Eopu + M (9p6°)

m as long as [J§, = g, we can obtain 0,/*" = 0 (i.e., Lorenz
gauge)

m Lorenz gauge reduces the d.o.f.s of A, from 10 to 6
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Transverse Traceless Gauge

® Invacuum, T, = 0, therefore

Oh, =0

thus, GWs propagate with the speed of light
m On top of the Lorenz gauge, consider x’# = x# 4 &#

m as long as [§, = 0, the Lorenz gauge is preserved
m Now hy,, becomes
E//.xv = /_7/.11/ + fyv

where ., = NwOEP — §uy — &y, Satisfying L€, = 0
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Transverse Traceless Gauge

m With it, d.o.f.s of hy, are reduced from 6 to 2; specifically
m choose £, s.t. h=0 (now, hy, = hy,)
m choose &/, s.t. W0 =0

m As for now, we know from the u = 0 component of the Lorenz
gauge 9, h* = 9,h* = 0 that 9yh% = 0 (we take h%® = 0)

m Overall, we call the following transverse-traceless gauge

h0 = h' =h"=0, Oh =0

We denote GWs in TT gauge as h,-T/-T
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At
m For a plane wave, 9;h = 0 means ﬁ"h}jT =0, where h = k/k is
the propagating direction
m Without losing generality, we consider GWs propagating along

zZ-axis, and we have

hy hy O
z
h;-fr(t, zZ)=| hx —hy 0 |cos [oo (1‘ — E)}
0 0 o0

where h, and hy are two independent polarizations
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TT
h;

m If we rotate about z axis by an angle y,

hy + ihy — eT2¥ (h, +ih,)

Therefore, gravitons are spin-2 particles

m What are gravitons?
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Standard Model of Elementary Particles and Gravity

three generations of matter interactions / force carriers

{fermions) (bosons)
I Il 11
mass | =22 Me\//c® =1.28 GeVic® =173.1 GeVfc® ] =124.97 GeVic* o
charge | % # ¥ [} 3 a o
spin | % u y % C j Ve t ; 1 & 0 H 2
up charm top | gluon higgs graviton
4.7 Me\ict -96 MeVict +4.18 GeVic* 0 :
=¥ = —ta o
% d y % S % b 1§ w
down | strange } bottom | photon
3 1
— —t
~0.511 MeVic* -105.66 MeVic -1.7768 GeVic: -91.19 GeVic:
-1 -1 -1 a .
« @& |+ @ v <
electron muon tau Z boson
<1.0 eVic? <0.17 MeVic? <18.2 MeVic? -80.39 GeVie? |
o 1] a
% Ve % vj.l. % Vz
electron mueon tau
neutrino neutrino neutrino
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Projection Operators

m For a given direction n, introduce

P,(h) :5,']' — f?,'ﬁj
N 1
Niwi(R) =Pic By = 5 PPy
m If hy describes GWs in Lorenz gauge (not necessarily TT
guage), then
h,'/' = /\ijklhkl

satisfies TT gauge
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GW Detections

m Now we consider a local free fall (FF) coordinate (note: nota TT
gauge!)
® In FF coordinate, we have g, (P) = 1 and I, (P) =0
m LIGO/Virgo/KAGRA are obviously not in a FF state
m However , it is a good approximation for some frequency bands
(e.g.- ~ 100Hz)

m Without proof,®> we denote that for two nearby particles,

d2§j _ 1 "TTé-k
T

%It can be obtained from geodesic equation; see Sec. 3.3 in arXiv:0709.4682
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https://arxiv.org/abs/0709.4682

GW Detections

m Consider particles on a ring whose norm is in z-direction
m With a “+” mode GW,

10
=hy sin oot
0 —1

TT
hj

m Relative to the center, particles’ position becomes

$i = [xo +x(1), Yo + Sy(1)]
m According to the equation on the previous slide, we obtain*

ox(t) = %xo sin cot

oy(t) = —%yo sin cot
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GW Detections
m Similarly, a “x” mode GW gives
5x(t) = %Xyosinoot
Sy(t) = %Xxosinwt

m Therefore, we have the positions of particles as a function of

time,
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GW Polarizations in Alternative Gravity

AL 8

(a) (b)
(e)
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(c)
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(f)

(d)

Eardley et al. 1973; Will 2014
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GW Generation

m As GR is highly nonlinear, it is impossible to obtain analytic

solutions in a generic setting

m Here we only present some simple results
m For more details, see

m Buonanno’s Les Houches Lecture arXiv:0709.4682
m Michele Maggiore’s books Gravitational Waves (Vol | & Vol 1)
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GW Generation

= Under Lorenz gauge, 9,h* =0
m Linearized Einstein equation becomes,

Dhyv — _@

G W

m We make weak-field & slow-motion assumptions, and get

12G
LT —
Mt (tX) =

Niwa(RYMY (t - g)

where
o .
M! = = /d3xT°°(t, X)x'x!

is mass quadrupole moment in Newtonian approximation
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GW Generation

m Take i = (cos @sin 8, sin @sin &, cos #) and insert into the

projection operator Ajyy(fi), then®

G
hy = o {M11 (sm @ — cos? 6 cos? <p)
+ My (cos2 @ — cos? B sin? q)) — Msg sin? 6
— M5 sin 29 (1 + cos? 9) + Mis cos@sin 28 + Mos sin 26 sin q)}

2G
rc*

— My sin 8sin @ + Mags cos @ssin 6}

hy = { <M11 M22> cos Bsin2¢ — Mi cos 6 cos 29

°Don’t be afraid & take it homework ;-)
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Binary Systems

m Consider a binary with masses my and mso

m total M = my + mp, and reduced mass u = mymy/ (m; + my)
m Assume a circular orbit,
X(t) = Rcoswt, Y(t)= Rsinwt, Z(t)=0
m Then the mass quadrupole moments are
M1 :%yRQU + cos 2wt)
Moo :%yﬁ’zﬁ — cos 2wt)

1
Mi» :§pR2sin2wt
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Binary Systems

m Insert into expressions of h, & hy, we have

14G
Tt

14
hy (1) :rC?yR%oz cos B sin(2ct)

(1 + cos®8)

—uR?w? cos(2wt)

J

m These are the leading-order GW formuae that we frequently use
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GW Radiation

m As GWs carry energy, the GW radiation reduces the binary’s
orbital energy

m The orbital size becomes smaller, and the orbital frequency
becomes larger

m At leading order,® with v = w/M and M = u¥5M,

y
w? 5 c3

. 96 GM\ Y3
fow :€7T8/3 <03> e

2 _% <GMOO>5/3

6GW frequency is twice that of the orbit, fow = w/m
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Separation of GWs from the Background

m On a curved, dynamical background metric

g.UV(X) = QHV(X) + hyv(x): ‘hyul <1 ]

such that satisfying (short-wave expansion) 4 < Lgor f > fg

= Ricci tensor: O(1), O(h), and O(h?)
Rw = Ruw+RY +RE +. ..

m R, : only low frequency
] Rﬁl): only high frequency
= RY): mixture of both
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Separation of GWs from the Background

m Master equations

_ Low 817G 1 Low
Ryv = = [R;(JE } + 7 <Tyu - éguv T>

oy Hioh 87 G 1 High
' = [RA(JV)} =+ 7 <THV - ég“" T>

m low-frequency equation = energy-stress tensor of GWs
m high-frequency equation = propagating equation of GWs
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Low-frequency Equation

= o)1low 8w G 1 Low

m If curvature is determined by GWs
m If curvature is determined by matter fields

m These two conclusions will be important for a later context
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Low-frequency Equation

m Difficulties with localized energy-stress tensor in GR

m Learn from renormalization group

“coarse-grained” form of the Einstein equation

where
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Low-frequency Equation

m In Lorentz gauge and with h = 0, one has

o = 32046 <a apo,h” >

m Explicit calculations show that,” tw only depends on the physical

modes h}j'r

m Energy-momentum exchange between matters and GWs

DH (Tyu + tyv) =0

"Use x'* = x* 4 &+
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Low-frequency Equation
m With energy-stress tensor for GWs, we can discuss many
aspects of GWs, e.g.,

m Similarly to the electromagnetism, we have

dE

00
dAdr ~ ¢
apk ok
dAar ~ !
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Low-frequency Equation

m We can have the energy radiation rate and the momentum taken

away by GWs,
c®r? TT j. TI‘
dt 3271(3/61Q h hj
de 2 "I'I‘ k 4 TT
ot __327TGr /dQ o)

m as well as the energy spectrum

df _ e f22/cm<h+ +

and so on

hetr)])
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High-frequency Equation

Hgh 87 G 1 Lk
R = — [R};’ﬁ)} +— (TW — 50w T)

High
= If T# = 0,% one has Al = — AL

(1) z2 h 1
2
2 2,2 h

m At leading order, RS,) =0

8Now, according to the low-frequency equation, one has h ~ A/Lg
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High-frequency Equation

Hgh 87 G 1 Lk
R = — [R};’ﬁ)} +— (TW — 50w T)

m If T* +£0,° one simply has R,(,l) =0
m Imposing a generalized “Lorenz gauge” D’h,, = 0, one has a
wave equation in curved spacetime

0D, B — 0

°Now, according to the low-frequency equation, one has h < A/Lg; also,
High
(Tw — 3gwT) ™™ =0 (WL3)
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